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Functions
Key topics:
* |ntroduction and Definitions

* Types of Functions
* The Growth of Functions

As used in ordinary language, the word function indicates dependence of a varying quantity on
another. If | tell you that your grade in this classis afunction of the number of thousands of dollars
you pay me, you interpret thisto mean that | have arule for translating a number in thousands into a
letter grade. More generally, suppose two sets of objects are given: set A and set B; and suppose
that with each element of A there is associated a particular el ement of B. These three things:. the two
sets and the correspondence between elements comprise afunction.

A function f isamapping from aset D to aset T with the property that for each elementd in D, f
maps d to a unique element of T, denoted f(d). Here D iscaled thedomain of f, and T iscalled the
target or co-domain. Wewritef: D -> T. We aso say that f(d) isthe image of d under f, and we
call the set of all imagestherangeR of f.

A mapping might fail to be afunction if it is not defined at every element of the domain, or if it maps
an element of the domain to two or more elements in the range:

b Hes Clono

d) no

To define afunction f, we must specify its domain D and arule for how it operates.
Example 1

Let B be the set of al binary numbers, or equivalently all finite strings of O'sand 1's. Let N
be the set of natural numbers expressed in decimal notation. f, g, h, j are the following
functions:

f(s) = decimal equivalent of s
9(s) = number of bitsins
h(s) = number of onesin s
J(S) =oneshitof s




If s=110010 then f(s) =50, g(s) =6, h(s) =3, j(s) =0. Therangeof f, g, h, iISN but the
rangeof j is{0,1}. Here are two mappings from B to N that are not functions:

k(s) = thefifth bit in s counting from the left
()= 1lif sendswithl

2if sendswith 0

4if sendswith 00

Why do these mappings fail?

Which of the following are functions from N to B where r is an integer?

m(r) = the number of digitsinr

nir)= 0 ifr iseven
lifrisodd

o(r) = the string of r ones

p(r)= 0if 2dividesr
1if 3dividesr
1if neither 2 nor 3 divider

Types of Functions

A function is said to be onto if itsrange is equal to itstarget (asin figure a above, (not b); and
functionsf, g, h are onto; j is not if the mapping isfrom B ->N). Another way of saying thisisif for
every element (b) of the codomain, thereis at |east one element (a) in the domain such that f(a) = b.
Two functions are equal if they have the same domain and f(d) = g(d) for every din D. A functionis
one-to-oneif it maps distinct elements of the domain to distinct elements of the range. A formal
definition of one-to-oneis: if f(x1) = f(x2) then x1 = x2.
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aisone-to-one and onto; b is one-to-one but not onto; ¢ is not one-to-one but is onto; d isnot a
function. Other terms you may have seen for one-to-one isinjective; onto is surjective; afunction
that is both is bijective. Function f above is one-to-one; gisnot (g(101) = g(111)); hiis not.
Functionsf, g, and h are al onto.



Example 2

Definef: Z -> Z with the rule that f(x) = x2 for all x ?Z. Isf(x) one-to-one?

We must show that for all integers, if f(x1) = f(x2) then x1 = x2.

f(x1) = x12; f(x2) = x22 so we need to seeif for all integers:

if x12 = x22 then x1 = x2. But thisis not true when x1 =-1and x2 = 1,
so f(X) is hot one-to-one.

Consider two functions: successor as applied to integers, and a sgr function. If we take the output of
the successor function and use it as input to the sgr function, the two functions are operating
together. They take asinput an integer n, add one to it and then square n+1. We call thisa
composition of two functions.

Let f be afunction from X ->Y and g beafunctionfromY'->Z whereY isasubset of Y'. A new
function (g of) isdefined by the following rule: For all x ??X, (g o f)(x) = g(f(x)). Thisiscaled
the composition of f and g (f comes first because it acts on x first).

Notice in the successor-sgr example that composition is not commutative.
Example 3
Let g be the function from the set { a,b,c} to itself such that g(a) = b; g(b) = cand g(c) = a

Let f be afunction from the set {a,b,c} to the set {1,2,3} suchthat f(a) = 3; f(b) = 2; f(c) = 1.
What is the composition of f and g; g and f?

(f 0 g) isdefined by (f 0 g)(a) = f(9(a)) =f(b) = 2; (f 0 g)(b) =f(g(b)) =f(c) = 1; (Fog)(c) =
f(g(c) =f(@ =3.

(g of) isnot defined because the co-domain of f is not a subset of the domain of g.

Example 4
f(x) =2x + 3; g(x) = 3x + 2. What isthe composition of f and g; g and f?
(fog)(x) = (f(g(x)) =f(3x+2) =2(3x+2) + 3=6x + 7
(gof)(x) = (g(f(x)) = g(2x+3) = 3(2x+3) + 2=6x + 11

The Growth of Functions

Now that we have al the definitions out of the way, our main concern is with certain functions, and
how these functions behave when we increase the x in f(x). The functions we are interested in:




f(x)=1

f(x) =log x
f(x) =x

f(x) = x log x
f(x) = x2
f(x) =2X
f(x) = x!

Recall that logarithms are defined as follows: If b is apositive real number not equal to 1 andy isa
positive real number, then the logarithm to the base b of y (logp y) is the unique real number x such

that bX =y. In other words, logp y = the exponent to which b must be raised in order to obtain .
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Historical Notes

The term "function” and the form (x, f(x)) is attributed to Leibniz who used it to refer to several of
his mathematical formulas, but the concept of a function wasfirst presented by René Descartes
(1596-1650) in his Geometry of 1637. In this book, he presents the concept of defining an equation
in terms of one variable (i.e., asafunction of...), and how to graph equations in the Cartesian plane.
The formal definition of afunction (as a mapping from domain to target) was first formulated for
sets of numbers by Lejeune Dirichlet (1805-1859) in 1837.
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